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Reduction of optimal control problems for left-invariant systems on Lie 
groups 

 
Leonardo Colombo-University of Michigan (joint work with Anthony Bloch, Rohit Gupta 

and Tomoki Ohsawa) 
 
We will discuss some new developments in the study of reduction methods for optimal 
control problems of left-invariant systems on Lie groups. We will study Euler-Poincaré 
reduction and Lie-Poisson reduction.  
 
Interesting applications as, for instance, the motion planning of a Unicycle with obstacles, 

Linear Quadratic Regulator type problems on SO(3) and the optimal control of the Brockett 

integrator will be shown. 

 

 



Numerical Methods and Periodic Orbits in the Kepler-Heisenberg 

Problem 

Corey Shanbrom (California State University, Sacramento, USA)  

and Victor Dods (Leap Motion, Inc. USA) 

The Kepler problem is among the oldest and most fundamental problems in mechanics.  It has 

been studied in curved spaces, such as the sphere and hyperbolic plane.  Here, we formulate 

the problem on the Heisenberg group, the simplest sub-Riemannian manifold.  We take the 

sub-Riemannian Hamiltonian as our kinetic energy, and our potential is the fundamental 

solution to the Heisenberg sub-Laplacian.   The resulting dynamical system is known to contain 

a fundamental integrable subsystem.  We discuss the use of variational methods in proving the 

existence of periodic orbits with k-fold rotational symmetry for any odd integer k greater than 

one, and show approximations for k=3.  Numerical methods which take advantage of the 

variational formulation are used to find approximate solutions having the sought-after 

symmetries.  The sub-Riemannian structure on the Heisenberg group allows us to 

parameterize the optimization problem in terms of a single complex-valued curve, the Fourier 

decomposition of which lends itself to a particularly simple expression of the symmetry 

conditions. 

 



Hamilton-Jacobi theory in multisymplectic classical field 

theories 
Pere Daniel Prieto (UPC, Spain) 

The geometric framework for the Hamilton-Jacobi theory developed in previous works is 

extended for multisymplectic first-order classical field theories. The Hamilton-Jacobi problem 

is stated for the Hamiltonian formalism of these theories as a particular case of a more general 

problem, and the classical Hamilton-Jacobi equation for field theories is recovered from this 

geometrical setting. The use of distributions in jet bundles that represent the solutions to the 

field equations is the fundamental tool in this formulation. 

 

This work has been carried out in collaboration with Manuel de León, Narciso Román-Roy and 

Silvia Vilariño. 

 

 

 

 

 

 



 
Lie Hamilton systems on the plane: properties and applications 

 

Cristina Sardón (Universidad de Salamanca, Spain) 
 

We study Lie-Hamilton systems on the plane, i.e. systems of first-order differential equations 
describing the integral curves of a t-dependent vector field taking values in a finite-
dimensional real Lie algebra of planar Hamiltonian vector fields with respect to a Poisson 
structure. We start with the local classification of finite-dimensional real Lie algebras of vector 
fields on the plane obtained in [A. González-López, N. Kamran and P.J. Olver, Proc. London 
Math. Soc. 64, 339 (1992)] and we interpret their results as a local classification of Lie systems. 
Moreover, by determining which of these real Lie algebras consist of Hamiltonian vector fields 
with respect to a Poisson structure, we provide the complete local classification of Lie-
Hamilton systems on the plane. We present and study through our results new Lie-Hamilton 
systems of interest which are used to investigate relevant non-autonomous differential 
equations, e.g. we get explicit local diffeomorphisms between such systems. In particular, the 
Milne-Pinney, second-order Kummer-Schwarz, complex Riccati and Buchdahl equations as well 
as some Lotka-Volterra and nonlinear biomathematical models are analysed from this Lie-
Hamilton approach. 

 

N-Point Vortices in SU(3) and the non-torus manifold 

Amna Shaddad (University of Manchester, UK) 

 

 

The geometry of a momentum map is shown via the moment polytope, and the momentum 

map is a tool for exploring, amongst other things, the dynamics of the Hamiltonian function of 

a mechanical system. The torus action and the resulting convex moment polytope have been 

studied in detail but little has been done concerning non-torus action. This poster will 

introduce current work on an example of 'weighted' non-torus action resulting from research 

into vortices in $SU(3)$.  



 

 

 

HAMILTON-JACOBI THEORY, SYMMETRIES AND COISOTROPIC 
REDUCTION 

 
Miguel Vaquero (ICMAT, Spain) 

 
 Reduction theory has played a major role in the study of Hamiltonian systems. On the other 
hand the Hamilton-Jacobi theory is one of the main tools to integrate the dynamics of certain 
Hamiltonian problems and a topic of research on its own. The natural question that we answer 
in this poster is how these two topics fit together and how to obtain a reduction and 
reconstruction procedure for the Hamilton-Jacobi equation, even in a generalized sense to be 
clarified in the poster. 



 

 


